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Abstract 

We give, as L grows to infinity, an explicit lower bound of order L» for the expected 
Betti numbers of the vanishing locus of a random linear combination of eigenvectors of 
P with eigenvalues below L. Here, P denotes an elliptic self-adjoint pseudo-differential 
operator of order m > 0, bounded from below and acting on the sections of a Ricman- 
nian line bundle over a smooth closed n-dimensional manifold M equipped with some 
Lebesgue measure. In fact, for every closed hypersurface E of we prove that there 
exists a positive constant ps depending only on E, such that for every large enough L 
and every x € M, a component diffeomorphic to E appears with probability at least 
ps in the vanishing locus of a random section and in the ball of radius L - ™ centered 
at x. These results apply in particular to Laplace-Beltrami and Dirichlet-to-Neumann 
operators. 
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Introduction 

Let M be a smooth closed manifold of positive dimension n and Li be a real line bundle 
over M. We equip M with a Lebesgue measure \dy\, that is a positive measure that can 
be locally expressed as the absolute value of some smooth volume form, and E with a 
Riemannian metric He- These induce a L 2 -scalar product on the space T(M, E) of smooth 
global sections of E which reads 

y{s,t) €T(M,E) 2 ,(s,t) = f h E (s{y),t(y))\dy\. (0.1) 

J M 

Let P : T(M,E) —» T(M,E) be a self-adjoint elliptic pseudo-differential operator of pos¬ 
itive order m which is bounded from below. The spectrum of such an operator is thus 
real, discrete and bounded from below. Its eigenspaces are finite dimensional with smooth 
eigenfunctions, see 0. We set, for every L S R, 

U L = 0ker(P- Md). 

A <L 
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The dimension ./Vp of Up satisfies Weyl’s asymptotic law 

T^ Nl r “1 l^ Vol tt G T * M ’ I MO < 1}, 

Ti m L —^H-oo (Z7TJ 

where crp denotes the homogenized principal symbol of P, see [8] and Definition A8 of 
[5J. The space Up inherits by restriction the L 2 -scalar product (10.11) and its associated 
Gaussian measure defined by the density 


Vs € Up, d/j,(s) = -— exp(—||s|| 2 )|ds 

\/tt l 


( 0 . 2 ) 


where |ds| denotes the Lebesgue measure of Up associated to its scalar product. The 
measure of the discriminant 


Ap = {s € Up, s does not vanish transversally} 

vanishes when L is large enough, see Lemma A.l of [5j. 

Our purpose is to study the topology of the vanishing locus s -1 (0) cMofa section 
s € Up taken at random. More precisely, for every closed hypersurface E of M n not 
necessarily connected, and every s € Up \ Ap, we denote by N^(s) the maximal number 
of disjoint open subsets of M with the property that every such open subset U' contains a 
hypersurface S' such that S' C s _1 (0) and ([/', S') gets diffeomorphic to (M n , E) (compare 
0 )- We then set 

E(A S ) = [ N^s)d^(s) (0.3) 

Jv l \a l 

the mathematical expectation of the function N%. Note that when E is connected, the 
expected number of connected components diffeomorphic to E of the vanishing locus of a 
random section of Up gets bounded from below by E (Ns). 

Theorem 0.1 Let M be a smooth closed manifold of positive dimension n, equipped with 
a Lebesgue measure \dy\. Let E be a real line bundle over M equipped with a Riemannian 
metric Lp. Let P : T(M,E) —>• T(M,E) be an elliptic pseudo-differential operator of posi¬ 
tive order m, which is self-adjoint and bounded from below. Let E be a closed hypersurface 
of ME, not necessarily connected. Then, there exists a positive constant cs(P), such that 

lim inf —(A s ) > c s (P). 

L —^-)-oo m 

The constant cs(P) is in fact explicit, given by (12.31) . 

Now, as in [6], we denote by Ti n the space of diffeomorphism classes of closed connected 
hypersurfaces of K". For every [E] € Tin and every i € {0, • • • , n — 1}, we denote by 
bi( E) = dimP,j(E,M) the i— th Betti number of E with real coefficients. Likewise, for 
every s € Up \ Ap, fej(s" 1 (0)) denotes the i— th Betti number of s -1 (0), and we set 

E (fei) = [ bi(s-\0))dpL(s) (0.4) 

Jv l \a l 

its mathematical expectation. 
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Corollary 0.2 Let M be a smooth closed manifold of positive dimension n equipped with a 
Lebesgue measure \dy\. Let E be a real line bundle over M equipped with a Riemannian met¬ 
ric He- Let P : T(M,E) —>• T(M,E) be an elliptic pseudo-differential operator of positive 
order m, which is self-adjoint and bounded from below. Then, for every i € {0, • • • , n — 1}, 

liminf —^E(6j) > sup (cs(P))&*(£). 

^°° Lm 

Note that an upper estimate for E(6j) of the same order in L is given by Theorem 0.2 of 

m- 

Theorem [0T] is in fact the consequence of Theorem l0.3l which is local and more precise. 
Let Meti ( iyi (M) be the space of Riemannian metrics of M whose associated Lebesgue 
measure equals \dy\. For every g S Met\ dy \{M), every R > 0 and every point x € M, we 
set 

Prob%{R) =fi{seV L \A L | (s _1 (0) n B g (x, RL~m)) D El 

with (B g (x, RL~™), T,l) diffeomorphic to (M n ,E)j, (0-5) 

where B g (x, RL~™) denotes the ball centered at x of radius RL ~m for the metric g. 

Theorem 0.3 Under the hypotheses of Theorem, 1 0. 11 let g S Met\ dy \(M). Then, for every 
x € M and every R > 0, 

liminf Prob%(R) > p%(R), 

L—>+oo 

where for R large enough, p-z(R) = m.i X £MP y,{R) Is positive. 


Again, the function ps is explicit, defined by (12.21) (see also (ED and (11.8IL . In particular, 
when T, is diffeomorphic to the product of spheres S l x Theorem 10.41 provides 

explicit lower estimates for the constants cp(P) and pt,(R) appearing in Theorems 10.11 
and 10.31 


Theorem 0.4 Under the hypotheses of Theorem \0.11 let g G Met\ dy \(M) and cp t9 > 0, 
dp, g > 0 such that for every £ e T*M, 


i MO 5 

a P,g - 


lien 


< c 


-l 

P,g- 


Then, for every i G {0, • • • , n — 1} and every R > 




2 n+1 ^/nVol(B(0, 48\/5 n)) Cp ^ V ° lldy] ^ 
andp S i xSn -i-i(R ) > exp ( - (2r + l) 2 ), 


20F 


where r = 20 


L+EE (48n *k) !! t a e Xp (48^n 

v / nf+TT k C pT \ 


3/2 dp,g 
°p,g 
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In the case of Laplace-Beltrami operators, we get in particular the following. 


Corollary 0.5 Let ( M,g) be a smooth closed n-dimensional Riemannian manifold and 
A be its associated Laplace-Beltrami operator acting on functions. Then for every i € 
{0, • • • ,n-l}, 


lim inf 

L-^+OO y/L 


E(6i 


> cgi x g n -i-i(A) > exp ( — exp(257 n 3 / 2 )^Vol g (M). 


As a second example, Theorem 10.41 specializes to the case of the Dirichlet-to-Neumann 
operator on the boundary M of some (n + l)-dimensional compact Riemannian manifold 
(W,g). 


Corollary 0.6 Let (IT, g) be a smooth compact Riemannian manifold of dimension n + 1 
with boundary M and let A g be the associated Dirichlet-to-Neumann operator on M. Then, 
for every i € {0, ■ ■ ■ , n — 1}, 

lim inf —E (bf) > c S i xS n-i- i(A g ) > exp ( — exp(257 n 3 ^ 2 ))Vol g (M). 

Note that the double exponential decay in Corollaries 10.51 and 10.61 has to be compared 
with the exponential decay observed in Proposition 0.4 of [5] and with the analogous 
double exponential decay already observed in Corollary 1.3 of [6]. 

Let us mention some related works. In m],F. Nazarov and M. Sodin proved the exis¬ 
tence of an equivalent of order L for the expected number of components of the vanishing 
locus of random eigenfunctions with eigenvalue L of the Laplace operator on the round 
2-sphere. In [9], A. Lerario and E. Lundberg proved, for the Laplace operator on the round 
n-sphere, the existence of a positive constant c such that E(i>o) > cyfL? for large values of 
L. We got in [5] upper estimates for lim supp_>. +{X) L _ ™E(6j) under the same hypotheses as 
Corollary IU. 21 and previously obtained similar upper and lower estimates for the expected 
Betti numbers or IVs’s of random real algebraic hypersurfaces of real projective manifolds 
(see E3, 0, 0). In [TO] , T. Letendre proved, under the hypotheses of Corollary 10.51 
the existence of an equivalent of order \[L n for the mean Euler characteristics (for odd n). 
Let us finally mention the lecture m, where M. Sodin announces a convergence in prob¬ 
ability for bo under some hypotheses, and [12] . where P. Sarnak and I. Wigman announce 
a convergence in probability for in the case of Laplace-Beltrami operators. 

In the first section, we introduce the space of Schwartz functions of whose Fourier 
transforms have supports in the compact 


K x = {£ <E T* X M | a P (£) < 1}, 


where x € M is given and TfM is identified with M n via some isometry. This space 
appears to be asymptotically a local model for the space Up. Indeed, any function / in 
this space can be implemented in Up, in the sense that there exists a family of sections 
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(sl € whose restriction to a ball of radius of order L - ™ centered at x converges 

to / after rescaling, see Corollary 11.111 The vanishing locus of / gets then implemented 
as the vanishing locus of the sections sl for L large enough. The second section is devoted 
to the proofs of Theorems 10.11 and 10.31 and of Corollary 10.21 For this purpose we follow 
the approach used in j6| (see also 0), which was itself partially inspired by the works DU 
and [2], see also [9]. We begin by estimating the expected local C 1 -norm of elements of 
Ul, see Proposition ^. 11 and then compare it with the amount of transversality of sl- We 
can then prove Theorem 10.31 see H2.21 and finally Theorem 10.11 and its Corollary 10.21 see 
! I2.31 The last section is devoted to the explicit estimates and the proofs of Theorem 10.41 
and Corollaries 10.51 and 10.61 

Aknowledgements. We are grateful to Olivier Druet for useful discussions. The re¬ 
search leading to these results has received funding from the European Community’s Sev¬ 
enth Framework Progamme ([FP7/2007-2013] [FP7/2007-2011]) under grant agreement 
n° [258204], 

Contents 

1 The local model and its implementation 

1.1 The local model. 

1.2 Quantitative transversality . 

1.3 Implementation of the local model. 

2 Probability of the local presence of a hypersurface 

2.1 Expected local C' 1 -norm of sections . 

2.2 Proof of Theorem 10.31 . 

2.3 Proofs of Theorem 10.11 and Corollary 10.21 . 

3 Explicit estimates 

3.1 Key estimates for the approximation. 

3.2 The product of spheres. 

3.3 Proofs of Theorem 10.41 Corollary 10.51 and Corollary 10.61 

1 The local model and its implementation 

In the first paragraph of this section, we associate to any closed hypersurface £ of and 
any symmetric compact subset K of M n with the origin in its interior, a Schwartz function / 
vanishing transversally along a hypersurface isotopic to £ and whose Fourier transform has 
support in K. In the third paragraph, we implement the function / in the neighbourhood 
of every point xq in M, as the limit after rescaling of a sequence of sections of Uj,. Here, K 
is the pull-back of K Xo under some measure-preserving isomorphism between T* Q M and 
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M n . As a consequence, these sections of vanish in a neighbourhood U Xo of xq along 
a hypersurface X^ of M such that the pair (U X0 ,Y,l) gets diffeomorphic to (M n ,X). The 
second paragraph quantifies the transversality of the vanishing of the function / and thus 
of the associated sequence of sections, in order to prepare the estimates of the second 
section which involve perturbations. 

1.1 The local model 

Let I\ be a measurable subset of M n and let xk be its characteristic function, so that 
Xa'(£) = 1 if £ € K and Xa(£) = 0 otherwise. It provides the projector / £ L 2 (M n ) >->■ 
XkI € L 2 (R n ). After conjugation by the Fourier transform T of L 2 (M n ), defined for every 
/ £ L 2 (M n ) and every £ £ M n by 

Him = ( e- i ^'>f(y)dyGL 2 (R n ), 

J R" 

we get the projector ttk ■ L 2 (M n ) —» L 2 (M n ), defined for every / £ L 2 (R n ) and every 
x £ by 

nidf)(x) = [ [ e l{x ~ y ’® f{y)d£dy. 

( 27r ) J^eKJye R" 

Note that for K = M n , ttk is the identity map. Denote by L 2 ^(M n ) the image of ttk ■ This 
is a Hilbert subspace of L 2 (R n ), the kernel of the continuous operator Id — ttk = Tr™\A'- 
Denote by C^°(K) the space of smooth functions on M n whose support is included in K, 
by S(R n ) the space of Schwartz functions of R n and set 

S K (R n ) = r~\C^{K)). (1.1) 

Lemma 1.1 Let K be a bounded measurable subset of ML. Then, SK(R n ) C L 2 K {R n ) fl 
S(R n ). 

Proof. Since K is bounded, C 0 °°(A') C S(M n ) so that 5^(M n ) C iF~ 1 (S(R n )) = 5(M n ). 
Likewise, for every / £ Cq°(K), xk! = /, so that by definition, / £ L^(M n ). □ 

Lemma 1.2 Let X be a closed hypersurface ofR n , not necessarily connected, and K be a 
bounded measurable subset ofR n , symmetric with respect to the origin and which contains 
the origin in its interior. Then, there exists a hypersurface X ofR n , isotopic to X, and a 
function /s in Sx(R n ) such that /s vanishes transversally along X. 

Recall that X is said to be isotopic to X if and only if there exists a continuous family 
(4>t)te[ o,i] of diffeomorphisms of M” such that £>o = Id and </>i(X) = X. 

Proof. Let / £ Cq^M") be a smooth compactly supported function of R n which 
vanishes transversally along X and let x £ C^°(M ri ) be an even function which equals 1 in 
a neighbourhood of the origin. For every R > 0, we set 

XR : £ £ R n ^ xifR- 1 ) G K. 
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Then F(f) € S(M n ) and XRF(f) converges to F(f) in S(R n ) as R grows to infinity. Thus, 
F~ l {XRHf)) converges to / in 5(M n ) as R grows to infinity, and F" 1 (xrF (/)) takes real 
values. We deduce that when R is large enough, the function fj? = F~ 1 (xRF(f)) is real 
and vanishes transversally in a neighbourhood of S along a hypersurface isotopic to £. 
By construction, the support of F(fji) is compact. By hypotheses, there exists thus p > 0 
such that the function F p (fn) : £ € i->- F(fn)(^) € R has compact support in K. The 

function /s = F~ 1 (F p (fn)) then belongs to SV(M n ) and vanishes transversally along a 
hypersurface isotopic to S. □ 


1.2 Quantitative transversality 

We now proceed as in [6] to introduce our needed quantitative transversality estimates. 

Definition 1.3 Let W be a bounded open subset ofW 1 and f € S(W n ), n > 0. The pair 
(W, f ) is said to be regular if and only if zero is a regular value of the restriction of f to 
W and the vanishing locus of f inW is compact. 

Example 1.4 Let /s € Sk{ R n ) C S( M n ) be a function given by Lemma \1.2[ Then, there 
exists a tubular neighbourhood W of II C /^(O) such that (W, /s) is a regular pair in the 
sense of Definition 11.51 


Definition 1.5 For every regular pair (W, f) given by DeHnition U ..‘A we denote byT<wj) 
the set of pairs (6,e) € (M^_) 2 such that 

1. there exists a compact subset K\y of W such that ini w \ Kw \ f\ > 5 

2. Mz € W, \f(z)\ <5^ ||d|-/|| > e, where \\d\ z f\\ 2 = Ya=i l^| 2 ( z )- 


The quantities and functions that are going to appear in the proof of our theorems are 
the following. Let K be a bounded measurable subset of R n . We set, for every positive R 
and every j G {!,■■■ ,n}, 


Pk{R) 


o j k (R) 


v^L! + ij 


inf 

te 


\/2L! + iJ 


inf 

t£ R^_ 


/ 

V 

/ 


V 


R + t\ f L E J T 

t ) E a 


R + ty 


Li+U 

£ 2 


i=0 


e mj 

(Ji ,-Ji) JK k=\ 

efl.-.nT 


( 1 . 2 ) 


E / l^| 2 ril0J 2 Kl)"(i-3) 

JK k =1 


U 
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Remark 1.6 Denoting byv(K) = f K |d£| the total measure of K and by d(K) = supg g ^ ||£|| 
we note that for every (j i, • • • , jf) G {1, • • • , n} 1 and every j £ {!,••• , n}, 


J[\^ jk \ 2 m<d(K) 2i u(K) 

JK k =1 

and Ik i&i 2 nu Hj k \ 2 < d(K) 2 ( l +Vis(K). It follows, after evaluation at t = R, that for 
every j G {1, • • ■ ,n}, 

Pk{R) < -j=n\/2v(K) + 1J exp ( Rd(K)y/n ) (1.4) 

1 _ 

Ok(R) < ~^n \J2v( K ) L 2 + !J d{K) exp (Rc^lF)^). (1.5) 

For every regular pair (IF, /) we set 


R(Wf) = sup IIz 
’ sew 


and for every bounded measurable subset K of 

•1 


and 


t K 

T (W,f ) - 

/ Ll 2 (r 

K 

1 

P (WJ) ~ 

Te[rl 


inf . 

(S,e)eT(w,f) Eo 


Pk(R(wj)) 


r K 

r (W,f) - 


r>+0O 


nWn 


£ 9 ’k( r ( 


wj) 


1=1 


sup (1 - / e-'dt. 

v+oo[ 1 J T 


( 1 . 6 ) 

(1.7) 


Remark 1.7 Note that pf WJ) > ^ exp ( - (2 t ( ^ /;/) + l) 2 ). 

Now, let E be a closed hypersurface of R n , not necessarily connected. 

Definition 1.8 LetX^f be the set of regular pairs (W, f) given by Definition \1.3\ such that 
f € <Sfc;(M n ) and such that the vanishing locus of f inW contains a hypersurface isotopic 
to £ in R n . Likewise, for every R > 0, we set 

x R ’ R = {(WJ)ex£ I R (WJ) <R}. 

Finally, for every positive R we set 

P$(R) = SU P pfwjy ( L8 ) 

rw r\ ct k ’ r 


Remark 1.9 It follows from Lemma \T2 1 and Example \ l-4\ that when R is large enough 
and K satisfies the hypotheses of Lemma \1.2l X R ' R is not empty, so that p^(R) > 0. 








1.3 Implementation of the local model 

In this paragraph, we prove that for every xo E M and every measure-preserving linear 
isomorphism A between and T* Q M , every function / in Sa*k xq (R n ) can be implemented 
in Ui as a sequence of sections, see Proposition 11.101 Corollary 11.111 then estimates the 
amount of transversality of these sections along their vanishing locus, in terms of the one 

of/. 

Proposition 1.10 Under the hypotheses of Corollary \0.2i let Xo E M, (f> XQ : (U X0 ,x o) C 
M —>• (V, 0) C R n be a measure-preserving chart and xv € C£°(V) be an even func¬ 
tion with support in V which equals 1 in a neighbourhood of 0. Then, for every f E 
S( d 6 ~A*k (® n )j there exists a family (sx)ls r* € T(M, E) such that 

1. for L large enough, s L € Ux and \\sl\\l*(m) = Il/IU 2 (R") 

2. the function z € M n eE L~z^xv{L~™z )(»l ° xo 1 )( L mz) E R converges to f in 
S(R n ). 

Note indeed that the isomorphism {d\ XQ (f X0 )^ 1 : M n —>• T X0 M defines by pull-back an 
isomorphism {(d\ xo (f)xo)~j* '■ Tf 0 M —>• M n that makes it possible to identify the compact 


K X0 = {£ € Tf 0 M | a P (0 < 1} 


(1.9) 


with the compact {{d\ xo f) xo )~ l Y K XQ of M n . Moreover, the Riemannian metric h E of E 
given in the hypotheses of Corollary 10.21 provides a trivialization of E in the neighbourhood 
U xo of xo, choosing a smaller U xo if necessary, unique up to sign. This trivialization makes 
it possible to identify xvsl ° ffg with a function from V to M. 

Proof. For every L E M./_, we set 

71 1 

s L : x E U xo H- L2^x V (</>x o (x))f(L™0 xo (x)) E E\ x 

that we extend by zero to a global section of E. We denote then by sx the orthogonal 
projection of sx in Ux C L 2 (M,E). This section reads 


sl = (eL,SL) = / h E (e L (x,y),s L (y))\dy\, 
J M 


where ex, denotes the Schwartz kernel of the orthogonal projection onto Ux- Then, for 
every 2 E M n , L~™z belongs to V when L is large enough and 

L~^s l o (j>-i(L-™z) = L~^ J^h E ^e L (4>^(L~^z),y),s L (y)^\dy\ 


'U x 


XV {<i>xo (y)) e L (L ™z),y)f(L ™ 4 > x o (y)) (y)\dy\ 


= L~ 


f 

J R T 


Xv{L rnh)(f) 1 )*ex(T ™z,L ™h)f(h)\dh\, 
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1 77 

where we performed the substitution h = L™(f> Xo (y), so that \dh\ = L™|dy|. But from 
Theorem 4.4 of [8j, 

L~^{(f~^)*e L {L~^z,L~^h) e li ~ z ~ h D |df|, 

i-7+oo (2vr)™ 

where Moreover, there exists e > 0 such that this convergence holds 

in C'°°(M n x M n ) for the semi-norms family defined by the snpremnm of the derivatives of 
the functions on the bidisc B(eLm ) 2 ; where B(eL ™) denotes the closed ball of R n of radius 
eLm, see As a consequence, after perhaps taking a smaller V so that V is contained 
in the ball of radius e, 

L~%xv(L-^h)(ct>-i)*e L (L-^z,L-t;h)f(h) ^ [ e^~ h ^f(hM\ 

L^+oo (2 ir) n J K , 

in this same sense, which implies, with z fixed, a convergence in the Schwartz space S( R n ). 

After integration, it follows that 

L-^slo^L-^z) ^ f 

L^+oo (2ir) n J K , 

O.Q 

in C' 00 (M n ) for our family of semi-norms on B(eL m). But / € &K' (K n ), s ° that 

-i- [ e i <*dF(mM\ = f(z). 

( 27r ) Jk' xo 

Hence, 2 L~z^sl ° z) converges to / in S(M. n ), which proves the second 

assertion. 

If Xu = XV °(t>x 0 , we deduce that \\slXu\\l 2 {m) ||/||l 2 (r™)- We still need to prove 

that ||s£,(l — Xu)\\l 2 (M) 0. But since sl is the orthogonal projection of sl onto Ul, 

v ' L->+oo 

II s l||l 2 (M) < Pl||l 2 (M) \\f\\L 2 (M. n )- 

The result follows. □ 

Corollary 1.11 Under the hypotheses of Theorem 1 0. ,4 let xq € M and 

4>x 0 ■ (U x o, x 0 ) C M -> (V, 0) C M n 

A* K 

be a measure-preserving chart such that A = d\ XQ (f)~^ is an isometry. Let (W, /s) € Z s x ° 
and (6, e) € 7{w,fe)> see Definitions [Tj^ and \1.8l Then, there exist Lq € M and (sl)l>l 0 
such that for every L > Lq, 

1. sl € U l and \\sl\\l 2 (m) ^ II/s||l 2 (r™) 

2. The vanishing locus of sl contains a hypersurface included in the ball B g (x o, R( W j s \L~™) 

such that the pair [B(xq, R(y/j^L~m), is diffeomorphic to the pair (M n ,E). 
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3. There exist two neighbourhoods Kl and Wl o/Sj, such that Kl is compact, Wl is 

1 71 

open, T, l C K l C Wl C B g (x 0 , R( W j s )L~™), ini WL \K L |stj > SL^ and for every 
V € W L , 

\sl(v)\ < => \\d\ y (s L o || > eL^r. 

Proof. Let Lq € M and ( sl)l>l 0 be a family given by Proposition 11.101 for / = /s- 
Then, the first condition is satisfied and the family of functions z € B(0, R(w,fc)) ^ 
L~^ sl° z) converges to /s in C°°(B(0, R(w,fe))) m Let R be the compact given 

by Definition 11.51 Kl = 4>f g (L~™K) and Wl = 4>fg(L~™W). The conditions [2j and[3l 
follow from this convergence and from Definition 11.51 □ 

2 Probability of the local presence of a hypersurface 

In this section, we follow the method of [6j partially inspired by HU and [2] (see also 0, 
a) in order to prove Theorem 10.31 If E is a smooth closed hypersurface of M n , x € M 
and sl € Ul be given by Proposition 11.101 vanishing transversally along Tl in a small 
ball B(x, L~™), then we decompose any random section s € Ul as s = osl + cr, where 
a £ M is Gaussian and a is taken at random in the orthogonal complement of Ms l in 
In H2.ll we estimate the average of the values of a and its derivatives on B(x,L~™) see 
Proposition 12. 11 In H2.21 we prove that with a probability at least p independent of L, s 
vanishes in the latter ball along a hypersurface isotopic to E^, thanks to the quantitative 
estimates of the transversality of sl given by Corollary 11.111 and thanks to Proposition 

m 

2.1 Expected local C' 1 -norm of sections 

Recall that for xq £ M, 


K x o = € T* Xq M M£) < 1}. 


( 2 . 1 ) 


Proposition 2.1 Under the hypotheses of Theorem \0.3l let xo € M and <f Xo : (U Xo ,x o) C 
M —>• (V,0) C M n be a measure-preserving map such that A = d\ xo (j)~^ is an isometry. 
Then, for every positive R and every j 6 {!,■■■ , n}, 


— n 

lim sup L 2 m E 

L —I - CXD 



L°° ( B g (#0 



_ n-\-2 

and lim sup L 2 m E 

L —^-)-oo 


d(s o 4> 


-D 

x 0 ) 


dXn 


L°°(Bg(0,RL~m)) 


< Pa*k xq (R) 
- Oa*K xo ( R )’ 


where p A *K XQ and 0 J A * Kx> 


are defined by m and fu¬ 


ll 













Proof. Let t G R+. When L is large enough, the ball f?(0, (R+t)L~™) of M n gets included 
in V. From the Sobolev inequality (see §2.4 of [T]), we deduce that for every s 6 Ul, every 
k > n/2 and every z G B(0, RL~™), 


SO( t > xo ( 2 )l < 


2k 


Vol{B(0,tL m)) 2 . =Q 


r T,»l~ 


1/2 


/ ! \ D \s°<i>xo)\ 2 (x)\dx\ 

I B{0,(R+t)L~™) 


where by definition, the norm of the i— th derivative D l (s o 4> x 3 ) of s o (f> x } satisfies 


i\\D\so(j) x l){x)\ 2 = 

a i 

e{l,",n} 


— dXn, ■ ■ ■ dXn. 

31 h 


( so <t> x l)( x ) ■ 


Note indeed that the metric He of the bundle E makes it possible to identify sjj/ with 
a real valued function well defined up to a sign. As a consequence, we deduce from the 
Cauchy-Schwarz inequality 


/-l i 


II s ° Qx o Wl°°(B(0,RL~™)) 


< 


2k 


Vol(B(0,tL~m))2 1 




1/2 


/ % ° ( ftxo)\ 2 ( x ))\d’ x \ 

IB(0,(R+t)L~ m) 


But given (ji, • • • ji) G {1, • • • , n} 1 and z G B{ 0, (f? + t)L ™), we can choose an orthonor¬ 
mal basis (si, • • • ,sn l ) of Vl such that « T . (si o = 0 for every l > 1. Since 

the spectral function reads (x, y) G M x M eG ei(x,y) = s i( x ) s i (y)> we deduce, 

using the decomposition of s in the basis (si, • • • ,sn l ), that 


E 


5* 


Sxjj • • • dxj i 


{s o cj). 


-i. 

10 > 


*) = 


2 


da 


a e 


& 


2i 


nj dx n ■ ■ ■ dx Jt dy n ■ ■ ■ dy u 


( e WJ)(^-)• 


Choosing k = |_? + lj and noting that / R a 2 e = \i we deduce that for L large 

nn i rrli IU" 1 ( I I n /A 1 II \ l n ■Pv/atvi Lt r 


enough, E(||s o (j). 


x ° 11 L°°(B(0,RL~ m)) 

/9I n , 1 I Lf +1 J . 

inf --- 1 —- ^2 ~S tL 

Vol(B(0,tL~™))2 l - 


) is bounded from above by 


d 2l eL(x, x) 


y — 

B(p,(R+t)L-&) ( . dx jl ---dx ji dy jl ---dy ji 

1 s’” Ji/ 

6{l,-,n} i 


|g?x 


1/2 


Likewise, for every i G |1, • • • ,n|, E^ II 1 n ^ gets bounded from above 

’ J J 1 ’ ’ V" _L°° (B(0,RL ~”*))/ 

by 


\/2Lf + lj 


Li+iJ 


inf 

voi(B(o,tL~y)i y, * 


tvx E 


E 


9 2 * +2 ei / (x, x) 


B(o,(Ji+t)i-™) dxjdxj i • • • d Xji dy jyjl ■ ■ ■ dy 3i 

Ul)'" J*/ 
e{l,-,n} i 


|dx 
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Now, the result is a consequence of the asymptotic estimate 


c+e+x, x) 


dx 


01 


■ dxj i dy jl ■ ■ ■ dy ji £->+oo (27r)’ 


-L 


n-\-2i 



see Theorem 2.3.6 of [5J. We used here that the balls B g (x o, RL m ) and cj) x ^(B(0, RL ™)) 
coincide at the first order in L. □ 


2.2 Proof of Theorem 10.31 

Let xq £ M, R > 0 and A £ Isom g (M. n ,T X0 M). Let 


(fix o : (U xo ,x 0 ) C M ^ (V,0) C 


A* K 

be a measure-preserving map such that A = d\ XQ (j)~^. Let (W,/s) £ :c °’ , (6,e) £ 

T(w,fs) an d ( s l )l>l 0 a family given by Corollary 11.111 associated to /s, where K xo is 
defined by (12.111 . Denote by the hyperplane orthogonal to sl in Uj,. Then, 


L 


A—1 I 




d/r(s) < [ 
Jv 


|s o (j>. 


-li 


Vl xo "L°°(B(0,R {WJs) L-™)) 


dfo(s) 


and for every j £ {1, • • • , n}, 




L°°(B(0,R( WJs) L m] 


f d 

1 dfi(s)< / -7T- (soCo 1 ) 

m )) Jv L ax o 


1 dfi(s), 

L°°(S(0,R (Wj/s) L-m)) 


compare the proof of Proposition 3.1 of [6j. From Proposition 12. II and Markov’s inequality 
we deduce that for every T £ R?j_, 


fJ-{s £ sl 


Bg(x 0 ,R (W}fs) L m) 

and for every j £ {1, ■ ■ ■ , n}, 

, d 


sup |s| > Tj- 7 —|T- 

J-- II/sIIl 2 (R") 


\ , II/s||l 2 (r™) 

/ ^- ft - P a *Kx 0 ( r (wj s )) + o(!) 


■{ 


/D s € s L 


sup 


(so</) )| > 


71 + 2 

TeL 2 m 


B(0,R iwJs)L ~^ ^ X ° V^II/sIlLW 


< 


V^ll/sll L 2 (R") 


Te 


°A*K xn ( R (WJ s ))+o{l)- 


It follows that the measure of the set 
£ sj; = { S G S L 


sup 


s < 


Bg(x 0 ,R(WJ s ) L m ) 


sup \d(so(j) x )| < 


B(p,R C w,/ E )L m ) 


T5L^ 

II/sIIl 2 (R") 

71+2 

TcL 2m 

II/sIIl 2 (R") ■ 


and 


satisfies 


V(£ s x) > 1 - ^ (K ’ (fiPA*K X0 (R(w,f s )) + ^~it, e A*K X0 ( R (W,f s ))) +°(1), 

i=i 
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where the o(l) term can be chosen independently of xo since M is compact. Taking the 
supremum over the pairs ( 5 , e) E 'T{\vJy.) an d passing to the liminf, we deduce from (11.611 
the estimate 


A*K. 


XQ 


(WJ S ) 


liminf i) > 1 — 
L^+oo^ y s l j - T 


Now, let 


■Ft = \a- 


SL 


+ a | a > T and o E £ s ± |. 


\ s l\\l 2 (m) 

From Lemma 3.6 of [6], every section s E Ft vanishes transversally in B g {x o, R{wj^L~m^ 
along a hypersuface T*l such that (B g (xo, R( W j s )L~m), E^) is diffeomorphic to (R n ,E). 
Moreover, since /i is a product measure, 


liminf h{Ft) > (—[ e t dt'jfl 

L—>+<x> V-y/7r Jt ' ' 


a*k xo 

r W/ E ) 


Taking the supremum over T E [ T (w,/ S ), +°°[, we deduce from (11.711 that 


a*k x 


dmjnf Prob X0 ^(R(wj s )) > l]mmf p(Ft) > P(wj X °y 


L—y ^oo 


A* K R 

Taking the supremum over all pairs (IT,/s) € Z s x °’ , see (11.81) . and then over every 
A E Isom g (W l ,T X0 M), we obtain Theorem 10.31 bv choosing 


PUR) = sup (p£ Kx (R)). 

A^Isorrig (R n ,T X M) 

Indeed, from Remark 11.91 this function is positive for R large enough. □ 

2.3 Proofs of Theorem 10. ll and Corollary 10.21 


( 2 . 2 ) 


Proof of Theorem 10.11 Let g E Metu y i(M). For every point x in M, the supremum 
sup_R eR * (vol — i(B(o r)) Pz(F)) is achieved and we denote by R m (x) the smallest positive 
real number where it is reached. Denote by g the normalized metric g/R 2 m . For every L 
large enough, let be a maximal subset of M such that the distance between any two 
distinct points of A/, is larger than 2 L~™ for g. The g —balls centered at points of A^ 
and of radius L~™ are disjoint, whereas the ones of radius 2 L~™ cover M. For every 
s E Ul \ A/, and every x E A l, we set N Xt %(s) = 1 if B g (x, L~ m) contains a hypersurface 
S such that E C s _1 (0) and (B g (x, L - ™), E) is diffeomorphic to (R",E), and N Xt % = 0 
otherwise. Note that 


/ N Xj Y,{s)dg,(s) ~ Prob x ^(R). 

'Ul\A l L^f+o o 
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Thus, 


l i m inf —-h-E(IV e ) 

L —^-(-oo J_j m 


> 


> 


lim inf —^ [ ( V' N x ^(s)]dp,(s) 

L^+oo Em AjzAAl ^ x£Al 

lim inf —jr Prob x y,(R m (x )) 

L —^H-oo ^ m 

x£A l 


1 

2™ 


limmf Y^ Vol(Bg(x,2L m^R^x) 

L—H-oo ^' 
x£A l 


PU R m(x)) \ 
Vol euc iB((), R m (x))J 


by Theorem 10.31 Hence, we get 


lim inf—^E(lVs) > 
L —^H-oo m 


1 [ ( pU r ) 

2" 7m So V Vol eucl (B(0,R)) 


I^(x)\dvolg(x)\ 


2_ [ su / 

2 n Jm R>Q \Vol euc i(B(0, R)) 


\dx 


Theorem [Hr] can be deduced after taking the supremum over g E Adetuyi (M) and choosing 
the quantity c E (P) to be equal to 


c s(Y) 


— su / su f Ps( fi ) 

2 n gEMet|riy|(M) J M R>0 \ Vol euc i(B(0, R)) 


| dx 


(2.3) 


□ 


Proof of Corollary 10.21 For every i € {0, • • • , n — 1} and every large enough L > 0, 

E(6i) = f 6 l (s- 1 (0))d/i(s) 

JUi\A L 



> ^ 6i(S)E(JV E ). 

[S]SWn 


The result is a consequence of Theorem lO.il after passing to the lirninf in the latter bound.□ 


3 Explicit estimates 

The goal of this section is to obtain explicit lower bounds for the constants c E (P) and 
inf xg M Pz(R) appearing in Theorems 10.II and 10.31 when £ is diffeomorphic to the product 
of spheres S l+l x S n ~ 2-1 (whose i-th Betti number is at least one). In the first paragraph, 
we approximate quantitatively the product of a polynomial function and a Gaussian one 
by a function whose Fourier transform gets compact support. We then apply this result 
to a particular degree four polynomial vanishing along a product of spheres to finally get 
Theorem 10.41 Corollary 10.51 and 10.61 
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3.1 Key estimates for the approximation 

Let Xc '■ > [0,1] be a smooth function with support in the ball of radius c > 0, such 

that Xc = 1 on the ball of radius c/2. For every Q G M[X(, ■ ■ ■ ,X n ] and every r) > 0, we 
set 

q : x G M n i—> q(x) = Qe~^~ G M and (3.1) 

fi'-xzK" « = Mri()Hl(xmV {x ’ a \<Kl ( 3 . 2 ) 

v Z7 v Jr u 

Note that q^ € <S',B(o,e/r))0^ n, )> see m- 


Proposition 3.1 Let Q = J2ieN n aixI ^ ®[Xi, • • • , X n ] and c,rj > 0. Then, 


I <£, ~ 9||l“(r») < Vl n / 2 + !J {tt) 2 e 4(a ’> )2 ( la/lVTl). 

'' /eN™ 


£!. For every k G {1, ■ ■ ■ , n}, 


<9(Tfc 


< yK2 + 3j — e ( V^T). 

l“(r) v 2rr ' -4—' ' 

v ; ' /eH™ 


5. 


I^ _ «IIl2(r») ^ V2^ n N{Q)( a / /! ) e 

/eN n 


where N(Q) denotes the number of monomials of Q. 


Proof. For every x G M n , we have 




1 


However, 


(2vr) 


ll>sj 


1 

~ (27r) n ^ 

V > /gN n 


| a/ 


IWe- — )|(0|de| 

| f |^(i J e-'#)|(5)|d{|. 


I>s 


T -JMi, . 1/1 d , _M^x 
F(xie 2 ) = /l I — {F(e 2 )) 

/ - n I j\ d . Il£ll^ 

= V2k — ) 


3 = 1 


_ 3_ 

e 2 


(3.3) 

(3.4) 

(3.5) 
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where we have set I = (i\, ■■ ■ , i n ) and Hj the j —th Hermite polynomial. We deduce from 
Cauchy-Schwarz inequality that 


« (i) ■ 9(x)l £ vt , g , N ( n i <*) 1/2 ( l ia>t «-" £ ' a «) 1/2 


< 


1 


(27r) n / 4 


a -r 

JtlT- ^ 


+°° , r 2 x 1/2 


r n i e 2 dr 


since for every k € N, the dominating coefficient of iL*.(£) equals (—l) fc , so that an inte¬ 
gration by parts leads to 


i k H k (i)e~^di = {-l) k k\V2^ 


(3.6) 


since Hermite polynomials are orthogonal to each other. Likewise, after integration by 
parts we obtain 

/ ‘+0O 2 2 r+°° 2 

r n ~ 1 e ~ r 2 dr = [-AV^t 00 + (n - 2) / r^Wdr 

C 2 77 / c 

■ 2 . 7 ] j 277 

< (_i)-Vi<*) a + (n - 2 )(^)"-V^t) 2 + • • • 

“ K 2r] J y Jy 2 rj J 

From the latter we deduce, when > 1, 


r+°° , r 2 

r n-l„—7 t 


27, 


7-2 77, / C \ n — 9 1 / c \2 

e 2 = + e (n - 2)(n - 4) • 

2 ZT) 


Recall that 




y ol(S n -11 _ J (n-2)(n-4J-2 if ™ iS eVen 
V ° l[b )_ __ if n is odd 

l y?(n—2)(n—4)-3xl 11 U 1S ° aCL 


We thus finally get 


M-dU- < E N^. 

v I IeN n 


Likewise, for every k € {1, • • ■ , n}, 




<9x fc 


r ,oo,Dra\ 


< 


< 


1 


(2lT) n 

1 

7^' 


M\HQe ~—)|(£)KI 


ll>^ 


M(n / ^j) 


q ,1 
- ’ . 2 


7eN" 


7=1' 


II — 27^ 




s i^Ti E 


/eN" 


/■+oo „ i 

I r n+1 e~ r /2 dr) * 
5 n 


* / /eN" 
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Lastly, 


0 < \\T- 1 {T(Qe-—)(l-Xc(vO))\\ L 2 {Rn) 

1 / 


< 


(2vr) 




\F{Qe 2 )p|d£| from Plancherel’s equality 


= / I XI II Hi Mi) e ~^"| 2 l^l from (E2) 

ie N" j=i 

n „ ^2 

< N(Q)e~^^ y~] a 2 TT / Lf/. (£j)e ~^d^j from Cauchy-Schwarz 
/gN" 7=1 Jr 1 


< 


V2tt n N(Q)( ^ afl!)e 2 ^ 27 ^ from (13.61) . 

/eN n 


□ 


3.2 The product of spheres 

For every n > 0 and every i € {0, • • • , n — 1}, let 

Qi : M* +1 x -»• R (3.7) 

(x,y) ^ (||x|| 2 -2) 2 + ||j,|| 2 -1. (3.8) 

We recall that this polynomial vanishes in the ball of radius \/5 along a hypersurface 
diffeomorphic to the product of spheres S l x see §2.3.2 of [6] . Let 

qi : (x,y) € M i+1 x M” - * -1 ^ Qi(x,y)e ~^ xl|2+ll2/l|2) € R. 

This function belongs to the Schwartz space and has the same vanishing locus as Qi. Let 
us quantify the transversality of this vanishing. We set 

W = {(x,y) € K* +1 x R"-*- 1 , ||x|| 2 + \\y\\ 2 < 5}. 


Lemma 3.2 For every 5 < 1/2, 



see Definition ! 1.51 


Proof. Let (x,y) G R ! 1 x M n 1 1 be such that ||x|| 2 + ||y|| 2 < 5 and <5 < 1/2. Then 

\qi(x,y) | < 5e~ 5/2 =>- \Qi{x,y)\ < 5 

& 1 - 6 < (\\x\\ 2 - 2) 2 + \\y\\ 2 < 1 + 6 

f ||x|| 2 >2-/m> 1/2 

^ l IM | 2 — 2 > 1/2 or \\y\\ 2 > 1/4 since 5 < 1/2. 
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Moreover, for every j G {1, • 

• • )* + !}) 

1 dqi , 

dxj 

| dQi 1 _ 5 / 2 . , j. _5/2 

> ——e ' — x,-oe ' 

dxj 


> A\xj | x 2 — 2|W 5 / 2 — |xj|(5e _5//2 

> |xj|e^ 5 / 2 (4| |x 2 — 2| — 5) 

and for every k G {1, • • • , n 

— i — 1}, 

1 

%| > | w | Je -V2 

1 1 dy k 1 


> 12/fc | e —5//2 (2 — 5). 

Summing up, we deduce 


\d\(x,y)Qi 1 — 

||x|| 2 e- 5 (4|||x|| 2 -2|- ( 5) 2 + ||y|| 2 e- 5 (2- 

> 

^(4||H 2 -2|-{) j + |HV 5 (2-0 2 

> 

P -5 

^(2-5) 2 . 


Since on the boundary of the ball W, either ||x|| 2 > 7/2 or ||y|| 2 > 3/2, the values of the 
function qi are greater than ^e~ 5 / 2 and we get the result. □ 

We now estimate the L 2 -norm of 

Lemma 3.3 For every i G {0, • • • , n — 1}, 


0 < y|W 4 (n + 6) 2 . 


Proof. We have 
12 


-L 
-L 

< V7 1 

+v^ +1 

+2 


M ’+ ix *"'*- 1 

n — i — 1 

— i — 1 f 


x|| 2 -2) 2 + || y || 2 -l) 2 e 


2 —— II 7 /IP 


|x|| — 4||x|| 2 + 3 + 

(||x|| 8 + 16||x|| 4 )e _ ^^dx 

+ 6||y|| 2 + 9 )e~^ 2 dy 


dxdy 

dxdy 


x e 


'dx 



(||y|| 2 + 3)e l|y|1 dy 


Now, 


[ (||x|| 8 + 16||x|| 4 )e dx = ^-Vol(S l ) f (f 4 + 16t 2 )t 2 e f dt 

J R‘+! 2 J o 

= iv'„i(s i )(r(i±?) + i6r(^)) 


< F Vo ,( S -)rC-^-) 
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and 


[ (IMI 4 + 6 ||y || 2 + 9)e W y W 2 dy = 

Ji "-'- 1 


< 


1 f+oo 

-Vol{S n ~ i ~ 2 ) / (f 2 + 6 t + 9)t 2(- n -i-3) e -t d t 

1(^1) 4- «r(=i±l) + «r(2z|zl)) 
yFol (S”-‘- 2 ). 


Likewise 



1 /■+oo . „ 

-Vol(S i ) / t—e^dt 

2 Jo 


i Foi ( S <)r(^), 


and 


/ 

JR' 


(W 2 + 3)e- 


1 /* + 00 

2 dy = -Vol(S n ~ l ~ 2 ) / (t + 3)i 2 e _< df 

= iK„i ( s”-‘- 2 )(r(^|±J) + 3r(^LL)) 
< ^vot(S"- i - 2 )r( ”~’ + 1 ). 


Finally, since 

i+l n — i — 

™(s i ) = TW) and Vol{s "^ ) = 

we get 


Ji Il 2 (R") 

< 


(i 7 r (?) + 25 r (“-^) + 14 r(”-r;)rC|p) 

\ r(*+ 4 ) r( n -*- 4 ) r( n -*” 1 )r (*+ 1 )J 


< 

W‘( 

+ + ^{n-i + l) 2 + 7 -{n-i-l){i + 3 ) 2 ) 


< 

+ 6 ) 4 , 


since n + 6 > 7, so that ^(n — i + l ) 2 < 4 ^ 9 (n + 6) 4 and \(n — i — 1 )(i + 3 ) 2 < \{n + 6 ) 4 . 
□ 


We now approximate qi by a function whose Fourier transform has compact support. 
For every i € {0, • • • , n — 1} and c > 0, we set 

Qi,c : x € M H- £? i)C (x) = ql^yx) (3.9) 

= XcW^)(-)e iM 1^1 e R, (3.10) 

^ jR n V 

see (EH- By construction, (jj )C belongs to the Schwartz space of M n and its Fourier 
transform has support in the ball of radius c, so that with the notations of Hi .11 qi C € 
S B{ o, c) (M"). 
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Corollary 3.4 For every i G {0, • • • , n — 1}, every c > 0 and every ry < qi, c vanishes 
in the ball = {x € M n , ||x|| 2 < 5/7y 2 } along a hypersurface diffeomorphic to S l x 
Moreover, 

(^i - ’ zk e ~ 5/2 ) € 


and 


3 

Qi,c\\L 2 {R n ) < ^ 7 ^vr n/4 (n + 6)" 


Proof. The polynomial Qj reads 


i +1 


l<j><fc<n 


2 2 


fc=i 


z+1 n—i—1 

4 + X] ^ + 3 ' 

fc=l /c=l 


We deduce, with the notations of Proposition 13.1 


^2 \ai\Vr. = (i + l)\/4! + 4h + 1 j + AV2(i + 1) + (n - i — l)\/2 + 3 

;eN" ' ' 


and 


< 5n + 2n 2 + 8n + 3 < 18n 2 


JaJ/! = (i + l)4! + 16p + 1 ) + 32(i + 1) + 2(n - i - 1) + 9 


Terr 


< 24n + 8n 2 + 34n + 9 < 75n 2 , 


whereas 


N(Qi) — (* + 1) + ^ 2 ^+(* + l) + ( ri — * — 1) + 1 

< 2n + 1 + ~ !> < 3n 2 - 

2 “ 


Noting that \f\jf + lj < \/L§ + 3j < 2-y/n, that (^-) 2 < (^) 2 as soon as ^ > 1, and 
that 

5, n, . c . . c . 

<3„(_) 

under the same hypothesis, we deduce from Proposition 13.11 that when rj < 


48 n’ 


ki,c(a:) - gj(ryx)|| Z/ oo (K n) < 36e < 36e 72n2 


and for every k G {1, • • • , n}, 


ft* (x) ' 


Coo non 


< 36rye 


—72n 2 
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From Lemma 13.21 follows, choosing <5 = 1/2, that for every x £ M n such that ||x|| 2 < 5 /rj 2 
and every rj < 

g-5/2 g—5/2 

%,c0) < —=> ftfac) < — 

g-5/2 

^ ^ 3 - 

g — 5 / 2 

^ |d|*9i,c| ^ V ’ 

since 


M| x 9i,c| > - l d |x%,c-r/d|r,x%l 

3e -5 / 2 


> q- 




<9% c , . So* , . 2 

' w ^ W* 0 


Qg-5/2 

> r/(—j- 36y/ne l2n ) 


> q- 


4 

g-5/2 

V2 ' 


From Lemma 3.6 of [6], </j. c vanishes in the ball IL 7 ^ along a hypersurface diffeomorphic to 
5* x S™-*- 1 and by definition, € 7(^ t9i c ) if q < 

Lastly, we estimate the L 2 -norm of g, i)C . By Proposition l3.1l and the bounds given above, 
||9f^ - qi\\ 2 L 2(s. n ) - V / 2vr’ l 225n 4 e" 288n2 , so that 


lk*,c||L 2 (R") — ~~aj2 H-£' 2 (® n ) 


< 


< 


< 


^■(lki||L 2 (R") + I \qtri ~ %|Il 2 (R")) 

^ (\/|^ /4 (» + 6) 2 + (V2T225A- 288 " 1 ) 1 /*) by 
7T n//4 (n + 6) 2 . 


Lemma 13.3 


2r/ n / 2 


□ 


3.3 Proofs of Theorem 10.41 Corollary 10.51 and Corollary 10.61 


Proof of Theorem 10. 41 Let us choose c = cp )9 and 77 = see the definition (13.1011 of 
qic • It follows from Corollary 13.41 that R > 4 ^ v ^ n , (W v ,qi C ) £ Te/°’on-i so that for any 
x £ M and any T £ Jsom 5 (lR n , T X M ), 

(W I7 ,ffi, c )£X^? 1 _ 4 . 


Indeed, 


B(0,cp i9 ) C C B(0,d Pifl ). 


22 































From Remark 11.71 we get that for every x G M and every R > 


48\/5?i 

c P,a 


1 


p x S i xS n-i-i(R) > ^=exp(-(2r +l) 2 ). 


From (11.41) . (11.51) . (11.61) and Corollarv l3.4l with n = using that u(A*K x ) < Vol(B(0,dp^ g )), 
we deduce 

~\ 2 ^ 8n \n/ 2 { 4 1 E \/2Vol(B(0,d P 'g))l^ + lj exp (48 

z °P,9 


,g-5/2 7 J- 


r < ^W 4 (n + 6) 2 (—)” /2 (- 

2 cp ;5 V e 

48n-\/2 _ n ^_n / 2 y o j(_b( 0 , ^ )) + ljdp exp (48v / 5n v / n-^)) 

, \/7T V 2 Cp^g / 


+ 


< 


e 5//2 cp i9 


4yr n / 4 


(ra + 6) 3 (48n) n/2 v / 2RoZ(R(0,l))(—) n/2 exp (48\/5n 3/2 ^) 

C P,9 C P,9 

, dp,c 


(4e 5 / 2 + ^e 5 / 2 n 5 / 2 (48n)^) 

C P,9 


< 20 


( " +6)1V2 (48n^)^ exp ( 48 ^n 3 / 2 ^). 

ynf+i) cp, 9 j cp,/ 


The estimate for C[g» Xi s«n-*-i] follows from the above estimate with R = 48\/5^-, 

(IQl . □ 


see 


Proof of Corollary 10.51 If P is the Laplace-Beltrami operator associated to a metric 
g on M, then we choose as the Lebesgue measure \dy\ on M the measure \dvol g \ associated 
to g, so that g € Met\ dy \(M) and the principal symbol of P equals £ € T*M h > ||£|| 2 €E M. 
Theorem l0.4l then applies with m = 2 and cp i9 = dp i9 = 1 and we deduce, using T(^ + l) > 
1/2, that 

T - 20 / ( ^n 2 p (48n) ^ eXp(1 ° 8n3/2) 

V 1 V 2 ' -V 

< exp (ln(20\/2) 4-In 7 4-—— In 48 4-In n 4— In n 4- 108n 3 ^ 2 ) 

2 2 2 2 

17 77, 

< exp(18 4- —(n — 1) 4- ■^■(2 v / n — 1) 4- 108n 3//2 ) 

< exp(127re 3/2 ). 


Theorem IQ then provides for every i € {0, • • • , n — 1}, 

( Vol g (M )) 1 C[ 5 i X 5 n-i-i](P) > exp ( — (2r 4-l) 2 — (n 4-1) ln2 — - ln7r 

—n ln(48\/5n) — ln(7r n / 2 ) 4- ln(T(n/2 4- 1))) 
> exp ( — (2 t 4- l) 2 — 3/2 — 6Inn — nlnn) 


> exp 


— exp(256n 3//2 ) — exp (ln(17/2) 4- Inn 4- ln(lnn))^ 


> exp(— exp(257n 3 / 2 ). 


□ 
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Remark 3.5 Under the assumptions of Corollary Id. 51 we get likewise for R > 48\/5 n, 

Jel/ fexS"— 1 ( i? )) - ^=exp(-exp(256n 3/2 )) 

> exp(—exp(257n 3//2 )). 

Proof of Corollary 10.61 If P denotes the Dirichlet-to-Neumann operator on M. then 
the principal symbol of P equals £ E T*M H >■ ||£|| E R. Theorem 10.41 then applies with 
m = 1 and cp i9 = dp t9 = 1. Thus, the proof is the same as the one of Corollary 10.51 □ 
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